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There are attempts in the literature to theoretically explain the large breaking of isotopic invari¬ 
ance in the decay ?7(1405) —>■ /o(980)7r° —>■ Stt by the mechanism containing the logarithmic (triangle) 
singularity, i.e., as being due to the transition 77(1405) {K*K + K*K) —>■ {K'^K~ + 

/o(980)7r'^ —>■ Stt. The corresponding calculations were fulfilled for a hypothetic case of the stable 
K* meson. Here, we show that the account of the finite width of the K* {Tk*^Ktt ~ 50 MeV) 
smoothes the logarithmic singularities in the amplitude and results in the suppression of the cal¬ 
culated decay width 77(1405) /o(980)7r'^ —>■ Stt by the factor of 6 — 8 as compared with the case 

of TK*-^K^r =0. We also analyze the difficulties related with the assumption of the dominance of 
the 77 ( 1405 ) —>■ {K*K + K*K) —>■ KKn decay mechanism and discuss the possible dynamics of the 
decay 77(1405) —^ rimi. The decisive improvement of the experimental data on the KK, Kn, rjiv, 
and TTTT mass spectra in the decay of the resonance structure 77(1405/1475) to KKn and r)nn, and 
on the shape of the resonance peaks themselves in the KKn and rjnn decay channels is necessary 
for the further establishing the 77(1405) Stt decay mechanism. 

PACS numbers: ll.30.Hv, 13.20.Gd, 13.25.Jx, 13.75.Lb 


I. INTRODUCTION 


In seventies, a threshold phenomenon known as the 
mixing of aQ(980) and /o(980) resonances which breaks 
the isotopic invariance, was theoretically discovered in 
Ref. [l|, see also Ref. 0. Recently, the interest in 
the Oo(980) — /o(980) mixiim has been renewed. New 
proposals for searching it [sl-l^ have appeared, and 
the results of the first experiments reporting its dis¬ 
covery with the help of detectors VES jH, |2^ and 
BESIII [13, have been presented. The VES Col¬ 
laboration was observed for the first time the isospin 
breaking decay /i(1285) —>■ 7r+7r“7r° [H, [^, the pro¬ 
posal for searching it was put in Ref. [l[, i. The 
BESIII Collaboration has obtained the indications on 
manifestation of the aQ(980) — /o(980) mixing in the 
decays J/if) -r (j>fo{98Q) —>■ (()ao(980) —>■ 6rm and 
Xci —ao(980)7r° —>• fn(980)7r° —>• 7r+7r“7r° 27|, sug¬ 
gested for studies in Ref. [U [13|. In another experi¬ 
ment, the BESIII Collaboration has measured the de¬ 
cays J/ip —>■ 77r+7r“7r° and J/ip —>■ 77r°7r°7r° and ob¬ 
served the resonance structure in the three pion mass 
spectra in the vicinity of 1.4 GeV with the width of 
about 50 MeV [1^. At the same time, the corresponding 
7r+7r“ and 7r°7r° mass spectra in the vicinity of 990 MeV 
(i.e. in the K^K~ and threshold domain) pos¬ 

sess the narrow structure with the width about 10 MeV 
[m . So, in this experiment, the isospin breaking decay 
J/'0 —>■ 777(1405) —>■ 7/o(980)7r° followed by the transition 
fn(980) n~^7r~ (n^n^) was observed for the first time 

[2^ with the statistical significance exceeding lOcr. In the 
same experiment, the decay /i(1285)/r7(1295) —>■ 7r+7r“7r° 
[2^1 was also observed, with the branching ratio by a fac¬ 
tor of two lower than that reported by VES [1^. 

The narrow resonancelike structure observed in 
the 7r'''7r“ and 7r°7r° mass spectra in the decays 


77(1405) TT^n^n^ in the K'^K~ and 
threshold domain looks like the structure expected to 
originate from the isospin breaking aQ(980) —/o(980) mix¬ 
ing [l|, i.e., due to the transition ao(980) —^ (AT+AT” -|- 
K°K°)^foi980) —>■ TTTT caused by the mass difference of 
the AT+AT” and intermediate states. It should 

be recalled that the corresponding S wave amplitude 
responsible for the breaking of isotopic invariance, in 
the region between KK thresholds (the width of this 
region is about 8 MeV), turns out to be of the or¬ 
der of y^(777^o'^^uz^^+y7m^ [I], [ 2 ^, but not {mxo — 
mK +) / rriKO , i.e. by the order of magnitude greater than 
it could be expected from the naive considerations. It is 
natural to expect the relative magnitude of the isospin 
violation to be suppressed outside the KK threshold re¬ 
gion, i.e., at the level of (tti^o —mji+)/mj^o. To the first 
approximation, one can neglect this and the similar not 
really calculable contributions. 

The mechanism of the breaking of isotopic invari¬ 
ance in the decay 77(1405) —>■ /o(980)7r° —>• Stt is similar 
to the mechanism of the aQ(980) — /o(980) mixing in 
that it is caused by the transition 77(1405) —>■ {K^K~ + 
K^K°)n^ — )> /o(980)7r° — >• Stt. Its amplitude does not van¬ 
ish due to the nonvanishing mass difference of K'^ and 
K^ mesons, and turns out to be appreciable in the narrow 
region between the AT+AT” and A'^AT^ thresholds. 

The aim of the present work is the elucidation of the 
possible mechanism of the decay 77(1405) —>■ /o(980)7r° —>• 
7r'^7r“7r'^. There are attempts in the literature to theo¬ 
retically explain this decay as being due to the mech¬ 
anism that includes the logarithmic (triangle) singu¬ 
larities [30l - [^ . i.e., due to the transition 77(1405) —>■ 
{K*k + K*K) -T Kkn° /o(980)7r° ^ n+n-n°. We 
pay attention to the fact that in the cited works the vec¬ 
tor AT* (892) meson in the intermediate state was con¬ 
sidered to be stable, and show that the account of the 
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finite width of K*, Tk* ~ Tk*^k-k ~ 50 MeV, smoothes 
the logarithmic singularities in the amplitude resulting 
in the suppression of the calculated width of the decay 
r?(1405) —^ /o(980)7r° —^ Stt by the factor of 6 — 8 in com¬ 
parison with the case of Tk* =0. We also analyze the 
difficulties related to the assumption of the dominance of 
the decay ?7(1405) —>■ {K*K + K*K) —?> KKtt and dis¬ 
cuss the possible dynamics of the decay 77(1405) —>■ tjtttt. 
The decisive improvement of the experimental data on 
the KK, Ktt, rjir, and tttt mass spectra in the decays of 
the resonance structure ?7(1405/1475) [s^ to KKtt and 
rjTTTT, and on the shape of the resonance peaks themselves 
in the KKtt and rjTTTT decay channels is necessary for the 
further establishing the 77(1405) —>■ Stt decay mechanism. 


II. EXPERIMENTAL DATA 

According to BESIII [1^, the mass and width of the 
77 ( 1405 ) peak in the 7r+7r“7r° channel are 1409.Oil.7 MeV 
and 48.3 i 5.2 MeV, respectively, while the branching 
ratio is 

BR{J/Tj} —>■ 777(1405) —^ 7/0(980)77° —^ 77r''‘7r“7r°) 

= (1.50 i0.lli0.il) • 10“^ (1) 

Comparing the above with the result of Particle Data 
Group (PDG) [3^ . 

BR{J/tIt 777(1405/1475) ^ -fKKTT) 

= (2.8i0.6) • 10"°, (2) 

one gets 

BR(J/lp —>■ 777(1405) —^ 7/0(980)77° —^ 777+77“77°) 

BRiJ/tp 777(1405/1475) ^ -iKKtt) 

= (0.53 i 0.13)%. (3) 

The magnitude of this ratio tells us about very 
large breaking of the isotopic invariance in the decay 
77(1405)—>■/o(980)7r°. Guided by naive considerations, 
this ratio is expected to be at the level of [{rrixo — 
mK+)/'mKoY ^ 10“"^. Notice that, in Eq. ([3]), the 
magnitude of the forbidden by isotopic invariance decay 
77(1405) —>■ /o(980)77° is compared to the magnitude of 
the main allowed decay 77(1405/1475) —>■ KKtt [3^. 

m. 

To illustrate the observed breaking of isotopic invari¬ 
ance, the BESlll Gollaboration [2^ gives the ratio 

517(77(1405) ^ /o(980)77° ^ 77+77-77°) 
55(77(1405) —^ 00(980)77° —>■ 7777^77°) 

= (17.9 ±4.2)%. (4) 

However, it is large in comparison with Eq. due 
only to the fact that the isospin-allowed transition 
77(1405/1475) —>■ 00(980)77 —>• 7777°77° is small. Really, us¬ 
ing the PDG branching ratio J/ip —>■ 777(1405/1475) —>■ 
77777+77“) Q and the largest PDG value of r(r7(1405) —>■ 



FIG. 1. The diagram of the decay t {K*K -|- K*K) —>■ 
KKtt. 

ao(980)7r)/r^l405) ^ 777777 ) [H, the BESlll Col¬ 
laboration [23 estimated BRiJ/ip —>• 777 ( 1405 ) —>■ 
70^(980)77° ^ 77777°77°) = (8.40 ± 1.75) • 10“°. So, the 
ratio Eq. (|4]) is an unreliable characteristic of the isospin 
violation. 

In what follows we also use the notation i = 77(1405) 
for brevity. Since the decay t—>■/o (980)77° is mea¬ 
sured in the radiative decay of the J/ip meson, then, 
when analyzing the situation, it is natural to base 
the treatment on the information about the decays 
J/tP^^l^^KKtt, 7777777 [^. Idol - E^ . However, this in¬ 
formation is rather scarce. The matters are further com¬ 
plicated by the fact that the data refer to the de¬ 

cays J/ 7/1 —>■ 777 ( 1405 / 1475 ) —>■ 'yKKTT, 7777777 , in which the 
resonance structure 77(1405/1475) may corre¬ 

spond to some mixture of the overlapping states 77(1405) 
and 77 ( 1475 ) [it is called sometimes 77(1440) in current lit¬ 
erature]. In the meantime, there is no single established 
opinion concerning the reality of two pseudoscalars and 
the dynamics of the decays 77(1405/1475)5577 and 
777777 [3iS,[3i-[3|. 


III. THE DECAY t ^ {K* K + K* K) ^ KKtt° 
/o(980)7r° —>■ 7r+7r“7r° 

If the i decays to {K*K + K*K) —^ KKtt (see 
Fig.©, then, due to the final state interaction among 
K and K mesons, i.e., due to the transitions K^K~ —>■ 
/o(980) —7> 77+ 77“ and K°K^ —7> /o(980) —?> 77 + 77 “, the 
isospin breaking decay l —>■ {K*K ± K*K) —?> {K~^K~ + 
K^K^)tt° —>• /0(98O)7r° —>• 7r+7r“7r° is induced (see Fig.©. 
It should be mentioned that here we consider the effect of 
the isospin violation in the decay t —>■ 7r+7r“7r° as being 
due solely to the mass difference of the stable charged 
and neutral K mesons. The contributions from the pro¬ 
duction of the K^K~ and K^K^ pairs are not com¬ 
pensated completely. The smallest compensation among 
them should naturally take place at the invariant mass of 
the 77+ 77“ system, 1/S2, in the region between the K~^K~ 
and K^K^ thresholds. However, there is some complex¬ 
ity in the present case. The fact is that just in the region 
of the 7 resonance all intermediate particles in the loop of 
triangle diagram in Fig. © at the definite values of the 
kinematic variables yG/ and yG 2 , can lie on their mass 
shells. This means that in the hypothetic case of the 
stable K* meson the logarithmic singularity appears in 
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FIG. 2. The diagram of the decay l —>■ /o(980)7r° —>■ 7r+7r“7r° 
via the K* K + K* K intermediate states; pi, P 2 , Pa stand 
for the 4-momenta of particles participating in the reaction, 
Pi = Si being the invariant mass squared of the t resonance 
or of the final 7r''’7r“7r° system, pi = S 2 = is the 

invariant mass squared of the /o(980) or of the final tt+tt” 
system, pi = m^o- 



Vi2 (GeV) 


FIG. 3. Solid curves on the plane show the lo¬ 

cation of the logarithmic singularity of the imaginary part 
of the triangle diagram shown in Fig. [J] in the case of the 
K*^K~ and K*^K^ intermediate states. The dashed verti¬ 
cal lines show the K'^K~ and thresholds in the vari¬ 

able ,/s 2 (i.e., its values equal to 2mj^+ = 0.987354 and 
2m ko — 0.995344 GeV). The dashed horizontal lines corre¬ 
spond to the values of the variable equal to 1.404, 1.440, 
and 1.497 GeV. At 1.404 GeV < < 1.497 GeV the loga¬ 

rithmic singularity, in the case of the K*'^K~ intermediate 
state, is located at the values of y^ between the K'^K~ and 
thresholds, while in case of the K*^K^ intermediate 
state it does not go away from the threshold by far¬ 

ther than 6 MeV. At approximately y^= 1.440 GeV, the 
singularities reach the KK thresholds. 


the imaginary part of the triangle diagram [4§-[5lj. Fig¬ 
ure 13] shows the location of the logarithmic singularities 
for the contributions of the K*^K~ and K*^K^ inter¬ 
mediate states. As is seen, in the l resonance region, 
they are located very close to the KK thresholds. For 
example, at y^= 1.420 GeV, the singularities from the 
K*~^K~ and K*^K^ intermediate state contributions in 
the 7r+7r“ mass spectrum take place at = 0.989 GeV 
and 0.998 GeV, respectively (see Fig. I31)- Since the sin¬ 
gularities located at different positions from the charged 



FIG. 4. The illustration of the influence of instability of the 
intermediate K* meson on the calculated width of the decay 
t {K*K + K*K) KKtv° fo{9SO)Tv° 


and neutral intermediate states do not compensate each 
other, the considered mechanism may seem to result in 
a catastrophic violation of isotopic symmetry in the de¬ 
cay L —>■ 7r"''7r“7r'^. However, the accounting of the fi¬ 
nite width of the K* resonance, i.e., the averaging of 
the amplitude over the resonance Breit-Wigner distribu¬ 
tion in accord with the spectral Kallen-Lehmann repre¬ 
sentation for the propagator of the unstable K* meson 
[dgl - lsil , smoothes the logarithmic singularities of the am¬ 
plitude and hence makes the compensation of the contri¬ 
butions of the K*+K- + K*-K+ and K*°K° + K*°K° 
intermediate states more strong [^ . This results in 
both the diminishing of the calculated width of the de¬ 
cay t —> TT+TT^TT^ by a number of times in compari¬ 
son with the case of TK*-^K■K = 0, and in the concen¬ 
tration of the main effect of the isospin breaking in the 
domain of the tt+tt” invariant mass between the KK 
thresholds. Figures lU [5] show the influence of allowing 
for the instability of K* on the energy dependent width 
Ft^,r+ 7 r- 7 r 0 (si) and on the mass spectra of the tt+tt” sys¬ 
tem, dT,^^+^-^o{si,S 2 )/dy/s^, Figure]! 

shows that in the region 1.400 GeV < y/iT < 1.425 GeV 
the calculated width of the decay i —>■ is low¬ 

ered by the factor of 6 — 8. The tt+tt” mass spectra, see 
Fig.]! are distorted strongly. Notice that the nonzero ex¬ 
perimental resolution in the tt+tt” mass (in the BESIII 
experiment [2^ - it was about 2 MeV) would smooth the 
peaks in the domain of singularity in Figs. ]S] (a) and (c), 
but the area under the curves would remain practically 
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m^.^- [GeV] [GeV] 


FIG. 5. The illustration of the influence of instability of the 
intermediate K* meson on the 7r'''7r~ mass spectra in the de¬ 
cay b {K*K + K*K) KK-k° fo(980)7v° 

The units are arbitrary but nevertheless the same for all 7r"'"7r“ 
mass spectra in (a) - (d). 


the same. 

Shown in Fig. [B] is the behavior of the t —?> {K*K + 
K*K) —>■ KKtt^ —^ /o(980)7r° —)> and b — >■ 

{K*K + K*K) —>■ KKn decay widths against the invari¬ 
ant mass i/iT of the b resonance calculated dX Tk* = 
50 MeV. Both widths demonstrate the strong depen¬ 
dence on The ratio of these widths is an impor¬ 

tant characteristic of the violation of the isotopic in¬ 
variance in the considered model. It does not depend 
on the magnitude of the t coupling with K*K {g^K^K)^ 
and its order of magnitude is controlled by the factor 
[{rriKO - mK+)/mKo] x and decay 

kinematics. For the ratio of the widths in Fig. |B] aver¬ 
aged over the region 1.400 GeV < yGT < 1.425 GeV, one 



s,''"[GeV] 


FIG. 6. The dependence of the b {K*K_X- K*K) 
KK-k° /o(980)7r“ 7r+7r"7r° and b {K*K + K*K) 

KKtt decay widths on the invariant mass of the b resonance 
y/si {rK» = 50 MeV). 


has 

D _ »7r+7r-7r° (’Si)) ^ . , „_3 

“ ~ (r.^KRA^i)) ^ 

Now, using Eq. m and ([S]) for evaluation of BRlJ/ijj —>■ 
7 t —>■ 7/o(980)7r° —>• 77 r+ 7 r“ 7 r°), one obtains 

BR{J/ip —>■ 7 t —>■ 7/o(980)7r° —)> 77r''"7r“7r°) 

« i? X BR{J/iP 77?(1405/1475) ^ -^KKt:) 

« 1 . 12 - 10 “®, ( 6 ) 

in agreement with the data of BESIII given in 

Eq. (P. 

The estimate Eqs. dH) includes the assumption of dom¬ 
inance of the 7?(1405/1475) ^ {K*K + K*K)_-^ KKtt 
mechanism in the decay ?7(1405/1475) —^ KKtt to be 
discussed below. Moreover, in view of the absence of 
the detailed data, one forcedly assumes that t (77(1405)), 
77 ( 1440 ), and the resonance complex 77(1405/1475) con¬ 
stitute the single object looking differently in various 
channels. Hence, the magnitude of BR{J/ip —>• 77 —>• 
7 / 0 ( 980 ) 77 ° —>■ 77 r+ 7 r“ 7 r°) given by Eq. P should be con¬ 
sidered in the present model as the upper estimate. See 
also remarks in Ref. [s^. 

IV. THE DECAY l {K*K + K*K) ^ KKtt 

Guided by the data about the resonance complex 
77 ( 1405 / 1475 ) produced in the radiative decays of the J/ip 
meson one can conclude that it decays to KKtt with the 
probability of about 80 — 90% [H, [36l - l48j| . The infor¬ 
mation of about the contribution of the K*K + K*K, 
ao(980)7r, k{800)K + k{800)K intermediate states to the 
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decay ry(1405/1475) —?> KKn is contained in two-particle 
mass spectra of the states KK, Ktt, and Ktt. Available 
statistics of the KKn events are not sufficient [39l - l45j |. 
so the quality of the data does not permit one to reli¬ 
ably isolate the possible contributions. To a very rough 
approximation it is assumed [H, that the decay 

77(1405/1475) —?> KKn in the vicinity of 1475 MeV pro¬ 
ceeds mainly via the K*K -\- K*K state. As for the re¬ 
gion of 1405 MeV, it is considered that it can proceed 
via the ao(980)7r state [^. [sol - l^ . though the admixture 
of the K*K + K*K channel and even its dominance are 
discussed too [^, Isol - I^ Id^ . If, nevertheless, one ad¬ 
mits dominance of the ao(980)7r channel, then it would 
be natural to expect a rather sizeable signal from the 
decay t —>■ ao(980)7r —^ r]nn [ao(980) resonance is lo¬ 
cated near the KK threshold and decays more inten¬ 
sively into rjn than into KK], In experiments, the decay 
J/ij) 76 —>■ 'yrjnn is seen P, Hiii m El Eifi3 > 
but it is small. See the next section concerning this 
fact. One can definitely state that the pointlike mech¬ 
anism of the decay l —>■ KKn does not describe the 
data. So the assumption of the dominance of the de¬ 
cay 6 —>■ {K*K + K*K) —7> KKn cannot be rejected as 
yet. The high statistics experimental studies of the basic 
decay channels l ^ KKn and 6 —>■ rjnn are necessary for 
elucidation of the situation. 

In connection with the 6 —>■ {K*K -\- K*K) —>■ KKn 
decay dominance we also want to pay attention to the 
difficulty of using the simplest Breit-Wigner expressions 
for the description of the 6 resonance. For example, let 
us take the recent BES data El on the KKn spectrum 
in the decay J/ip —t 777(1440) —?> 'jKKn, see Fig. [3 and 
fit them with the help of the standard expression 

^ = A(1 - KKn; m) , (7) 

where in = and 


BR{l — 7 > KKn; m) 


2m 

n \m?^ — m? — imT\°*(rri)\'^ 


In the case of the total dominance of the K*K + K*K 
channel, i.e., when 


the fit, shown in Fig. [3 with the solid line, gives 
X^/n.d.f. = 10/15, A = 20, m^ = 1.465 GeV and 
guK*+K- = 6.91 [hence ^ k+k»= 448 
MeV, but the visible width of the peak is essentially 
lower]. Our normalization is such that in the case of 
the stable K* meson the coupling constant g^K^+K- is 
related with the 6 —?> K*K + K*K decay width in accord 
with the expression 


l^K*K+K-K 


alx^+K- 


47r 


( 10 ) 


‘if* 


where pk stands for the momentum of the K meson in 
the 6 rest frame. If one evaluates the total l ^ KKn 



0-—---- ' ' T . trrr—i 

1.2 1.3 1.4 1.5 1.6 1.7 1.8 

Vi/ (GeV) 


FIG. 7. The KKn mass spectrum in the decay J/ip ^ 76 —>■ 
yKKn as the function of the invariant mass of the 6 resonance 
Points with error bars are the BES data El- The curve 
is obtained in the l (K* K -|- K* K) —>■ KKn decay model. 
See the main text for more detail. 


decay probability than instead of the expected value close 
to 1 one would get 


3 GeV 

BR{l —>■ KKn) = J BR{l —>■ KKn; m)dm Ri 0.34. 

1.3 GeV 

... 

The reason for this violation of the normalization is the 
sharp P wave growth of ^^^(K*K+K*K)^KKn{'^) with 
increasing m (see Fig. [5]). 

Recall that, in the case of the scalar mesons (t( 600), 
ao(980), /o(980), their propagators obtained upon tak¬ 
ing into account the finite width corrections, satisfy¬ 
ing the Kallen-Lehmann representation and, due to this 
fact, preserve the total decay probability normalization 
to unity ESilH, see also Ref. E^. Unfortunately, we 
have not yet succeeded in constructing the propagator 
for the 6 resonance, providing the desired normalization 
to unity, as in the case of scalar mesons. 

So, one can conclude that the fittings of the data on 
the 6 resonance and the results of the determination of 
its parameters from seemingly natural expressions should 
be considered as tentative guesses. 


V. THE DECAY l aS(980)7r° -)■ /o(980)7r° ^ 

—>■ 7r“*“7r~7r° 

The decay l —>■ 7 r+ 7 r“ 7 r° can also proceed 
due to the aQ(980) — /o(980) mixing El- 6 —>' 
Oq( 980)77°—>•/o(980)7r°7r+7r“7r°. As a result, the 
7 r+ 7 r“ mass spectrum is sharply enhanced in the region 
between the K^K~ and K^K^ thresholds and looks very 
similar to the spectra shown in Figs. EKb) and [51[d). 
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FIG. 8 . The tttt mass spectrum in the decay t —>■ rf-K-K. The 
solid curve corresponds to the t ao( 980 ) 7 r —>■ decay 

mechanism. The dashed curve corresponds to the decay via 
the a^’°(980)7r^’° intermediate states upon taking into ac¬ 
count the S wave tttt final state interaction. 


However, it is difficult, with the help of this mechanism, 
to obtain the magnitude of BR{J/i(j —>• 7 t —>■ 77 r+ 7 r“ 7 r°) 
close to the experimental value Eq. CD- 

Let us take the data about the aQ(980) —/o(980) mixing 
obtained by BESIII [^ . 

^ (0 31 ^ 0 16 ^ 0.143)%. (12) 


In general, the suppression of the decay J/-^ —)• yt —>■ 
yr^TT+TT" as compared with the J/'4> —> yt —^ 'yKKir 
one [13 is not directly related with the smallness of the 
L —>■ ao(908)7r decay probability. Hence, the branch¬ 
ing ratio BR{J/’tlj —>• yt —>• y-Tr+Tr^Tr^), caused by the 
ao(980) — /o(980) mixing mechanism, can be few times 
greater than that given in Eq. d- The fact is that 
the ao(980)7r intermediate state in the i —?> decay 

channel can be hidden due to the destructive interfer¬ 
ence with other contributions. As our estimates show, 
the interference between ao(980)7r and (T(600)r7 inter¬ 
mediate states can reduce the probability of the d ecay 
i —^ 'q'KTr by the factor of about 1.5; see also Ref. [S^ . 
Besides, the S wave tttt final state interaction in the de¬ 
cay i —>■ ao(980)7r —>■ rjinr is capable of suppressing its 
width by the factor of approximately two. The possible 
influence of this interaction on the tttt mass spectrum in 
the decay l —>■ rjinr is shown in Fig. [ 8 l So, the estimate 
Eq. (fHl) can be enhanced by the factor of approximately 
three. If such a possibility is realized, it would mean that 
the contribution of the ag(980) — /o(980) mixing mech¬ 
anism can provide up to 30% of the i —^ 7 r“'" 7 r“ 7 r° decay 
amplitude. 

The high statistics experimental investigations on both 
the form of the mass spectrum of the l resonance in 
the TyTTTT decay channel and the r]Tr and tttt subsystem 
mass spectra in the region of i peak could elucidate con¬ 
siderably the production dynamics and the role of the 
ao(980)7r intermediate state. 

VI. DETAILS OF CALCULATIONS 


Notice that the upper limit on ^af is 1.0% at 90% con¬ 
fidence level Let us also base the consideration on estimate the effect, we use the following expression 

the magnitude propagator of stable K* meson: 


BR{J/ijj —>■ yt —>■ y? 77 r^ 7 r ) 

= BR { J /' tl ) —777(1405/1475) —77777“*"77“) 

= (3.0 ±0.5)-10"^ (13) 

[13, and let us consider the decay t —>■ t/tt+tt" as proceed¬ 
ing via the (og (980)7r“-|-a/'(980)7r+) intermediate states. 
Then one obtains for BR^J/ip —>• 77 —>■ y 7 r+ 7 r“ 7 r°): 

BR{J/'ip ^ y7r^7r“7r°) 

_ BR{J/tf} —>■ yt —>■ 77771 '’"tt”) 

« (4.5±3.3) • 10-^ (14) 

The central value in Eq. (HI is by approximately 30 times 
lower than the central value given by Eq. (HD- However, 
the experimental uncertainties of the data on ^af are 
large, and one needs additional measurements to make 
definite conclusions. 


— k'^ — ie 


(15) 


It preserves the conservation of the unit spin in the pres¬ 
ence of interaction and the convergence of the triangle 
diagram in Fig.[2]for the intermediate states with the spe¬ 
cific charge. It should be stressed that the convergence or 
divergence of the triangle diagram as well as of the KK 
loops in the case of the aQ(980) — {K^K~ + K°K°) —>• 
/o(980) transition is not related with the effect under 
discussion. The sum of the subtraction constants for 
the contributions of the charged and neutral intermedi¬ 
ate states in the dispersion representation for the isospin 
breaking amplitude should have the natural order of 
smallness ^ {mxo — mj^+), and it cannot be responsi¬ 
ble for the enhancement of the symmetry violation in 
the vicinity of the K'^K~ and thresholds. 

The contribution of the triangle diagram in 
Fig. divided by the product of coupling constants 
gLK*KgK-KTrOgfoKK is 
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T = T{si,S 2 ,m^,m\) 


d^PK ^ jPi + PK)iP^ - Pk) - {si-p\){ml-pl:)/pl:, 
(27r)4 (m2 - - ze)(m^ - Pk - - *e) ’ 


(16) 


where Si, S 2 ^ rn? are, respectively, the invariant masses 
squared of l, /q, and K*. The numerator of the inte¬ 
grand contains polynomials (m^ —p\,), (rn\ —p\), and 
(m^ — p\) which cancel some poles in the denominator. 
Hence the expression for T reduces to the sum of terms 
with three and two propagators each treated using the 
Feynman parametrization: 


1 

010203 



dX 2 

[aiX 2 + 02 ( 0:1 — 0 : 2 ) -I- 03(1 


^)]3’ 


1 dx 

0102 Jo [oix-I- 02(1 - a:)]2 ■ 


After integration over px the logarithmic divergences in 
the two-propagator contributions cancel, and the result¬ 
ing expression can be represented in the following form: 


Here, 


T = 


1 


si -t- m^ — m -t- ‘2{mx — ^ 2 ) T 


(si -m^)(m|. -m^) 


167r2 

(si -m|.)(m^ -mj) 




1 ^ 3 ( 51 , S 2 , 0, rn\) + 


si - 

w? 


C3(si,S2,m^,m^)- 


[C 2 {si,m‘^,mx) - C 2 {si, 0 ,mx). 


ml — m 


K 


[C2{rni,rn'^,m]i) - C'2(m^, 0, m^)] - C2{si,m'^,mx) - C2iml,m'^,mx)+ 


Ci{s 2 ,m%) -I- Inm^ - 1} . 


Ci{s 2 ,rnj^) = / dx ln[m^ — S2x(l — cc) — ie], 
do 

C 2 {si,m^,rnj^) = / dxln[(l — x)(m|; — six)-I- 

Jo 

C3{si,S2,m'^,mx) = / dxi 

Jo Jo 


m X — i£\ 


dX 2 


(17) 


-I- X2(m2 — m\) — (xi — X2)[S2(1 — Xi) -I- 771.2x2] — SlX 2 (l — X 2 ) — 7£ 


(18) 

-■ (19) 


We use the analytical expression for Ci and C 2 , while C 3 
is evaluated numerically. Note that in the kinematical 
region of our interest the net contribution from the two- 
propagator terms Ci ^2 is negligible in comparison with 
the pure triangle contribution oc C 3 , where all three poles 

_I 


are essential. The knowledge of the explicit imaginary 
parts of the amplitude (the discontinuities on the K*K, 
K*K, and KK cuts) permits one to control the result 
of numerical evaluations. In the case of one of the four 
charge modes they look like 


j {K* + K-), 2n 1 T^- / 2 \ 9LK* + K-gK* + K+TT09foK+K-^ / ,, 

W,„ '(.» ) = - [-MvA\vk\ (1 

(si -m|._)(m|._ -mly 


Si - 


Si -I- ml + 2m\- — — 2s2 + 


In 


^K* + K~ ^ is 
g-k^+k- — 1 is 


( 20 ) 


where Qk^+k- = {‘JEf^Ex- - S2)/(2|p7r||p£-|)^ Ef„ = (si -b S 2 - ml)/{2^), Ex- = (si -b - m^)/(2ysT), 
Ip^I = \pf„ \ = E^^ — S 2 , jpifl = — 777^_ (here, the mass m of the K* meson is not fixed to be mx*)', 




(’^^) = 7rE>iscx+x-{'m^) = 

2 i 


9iK* + K-9K* + K+7T^9foK+K- 


4|p;iip) 


'K\ 


(si -m^_)(m^_ - ml) 




In 


327r^|p;| 

aK+K- + l-i£ _ (si -TO^„)(m^„ - ml) 
ax+x- — 1 — ze 777,2 


Si -b 777^ -b 2 m^- - m^ - 2 s 2 


In 


^K+K- 


+ 1 


‘‘K+K- 


- 1 


,( 21 ) 



where Qk+k- = aK+K-{m^) = +m]i- + ml - rn^)/{ 2 \p'^\\p'j^_\)\ E'^ = {si -S 2 -ml)/{ 2 ^), E'j^_ = 

\/^/2, Kl = \/-E;2 - ml, |p^_| = y/ E'j^_ - = aK+K-im^ = 0). 


The Lorenz transformation from the b rest frame to /o 
one gives the relation i/si|p 7 r| = ^/s 2 \p'^\, so that the 
coefficients in front of two logarithms originating from the 
K*K, Eq. (l20l) . and KK, Eq. (I^ . cuts are coincident. 
Hence, in the kinematical region where imaginary parts 
of these logarithms appear, they cancel each other due to 
different signs in front of e. The logarithm with 
is explicitly real. So, the imaginary part of the coupling 
constant 

Im5t/ovr(w^) = Yi [Discx.+;f-(m2) + DisCif+if^(m2)] 

( 22 ) 

is real. We have verified that the imaginary part of the 
numerically evaluated triangle diagram coincides with 
the evaluation of the analytically calculated one. 

To account for the effect of the finite K* width, we 
write the propagator of the unstable K* meson in the 
form of the spectral Kallen-Lehmann representation [H- 

[53 


1 

~Pk* ~ 


00 



(mK+m^) 


and approximate p{m?) in the following way: 


p{rn?) 

- - is 

(23) 


p{m^) 


_ rriK^TK* _ 

TT (m2 - m|..)2 + ' 


(24) 


Then, instead of amplitude T = T(si, S 2 , m2, m^) from 
Eq. [TH we have the amplitude (T) weighted with the 
spectral density p{m‘^) [491 - 1^ 


CXD 

(T) = J p{m^)T{si,S 2 ,rn^,mj^)drn^. (25) 

(mx+’^Tr)^ 


This integration eliminates the logarithmic infinities in 
the imaginary part of the triangle diagram. Notice that 
the contributions of the discontinuities on the K*K and 
K*K cuts in the si channel are caused by the real three- 
body intermediate states KttK and KttK, respectively. 
At the same time, the discontinuities of the triangle di¬ 
agram in the S 2 channel correspond to the two-body in¬ 
termediate states KK. 

The amplitude of the subprocess K^K~ —>• /o(980) — >■ 
7r+7r“ (or —>• /o(980) —>■ tt+tt”), being a part of 

the amplitude of the diagram in Fig. [2 is taken in the 
form 

fs{s 2 ) = , (26) 

IGtt Dfg{s2) 

where gf„K+K- (= gfoKORo) and ff/o^+vr- (= V^gjo^o^o) 
are the coupling constants of /o(980) with K^K~ 


[K^K^) and tt+tt" (tt^tt^), the phase of the background 
is p{s 2 ) ~ 7r/2 , and 1 /Df^{s 2 ) stands for the /o(980) 
propagator [54| . the expression of which takes into ac¬ 
count the couplings of /o(980) with the tttt and KK chan¬ 
nels and the corresponding finite width corrections, 

1 _ 1 

DfM m\ -S2+ - n/o(s2)] ■ 

(27) 

Here, n^^(s 2 ) is the polarization operator for the 
/o(980), corresponding to the contribution of the ab 
intermediate state {ab — tt+tt”, K^K~, K^K^)\ 

lmnf^{s2)/y/^ = Tf^^ab{s2) = g%^j,Pab{s2)/{l&Tr) IS 
the width of the /o(980) —>■ ab decay; in this case 
ma = rrib, and for S 2 > 4m2 


yiab 


(s) 


dfoab 

IGtt 


Pab{s) 


1 , 1 + Pab{s 2 ) 

^ ''l-Pab{s 2 )\ ’ 


(28) 


where Pab{s 2 ) = -/I - 4ma/s2; for 0 < S 2 < 4m2, pab{s 2 ) 
should be replaced by i|pab('S 2 )| and 

2 

1-arctan |pa 6 (s 2 )| ■ 

TT 

(29) 

Our estimates are given for the following values: 
m/o = 0.990 GeV, 252^^+^_/(167r) = 0.4 GeV2, and 
(3/2)52^^+^_/(167r) = 0.1 GeV2. We have also tried 
different values of the /o(980) parameters, for instance, 
TO/o = 0.975 GeV, 252^^+^_/(167r) = 0.5 GeV2, and 
(3/2)5'2^^+^_/(167r) = 0.1 GeV2 and verified that the re¬ 
sults are not changed significantly. 

For the example given in Fig. 0 the following 
values are used for the ao(980) resonance [13, HI]: 
mao = 0-9847 GeV, 2g2^^_^^_/(167r) = 0.4 GeV2, and 

alor,^ = Sao^'TT = 9loK+K~ ' ^0 take into account the tttt 
final state interaction in the decay t —>■ pinT, the contri¬ 
bution of the amplitude t —>■ ao(908)7r — p{Tnr)s is mul¬ 
tiplied by the factor [1 -|-*p^7r(s)'7o’(s)] = cos(5q(s), 

where (7r7r)5 means the tttt system in S wave, Tq (s) and 
(5q(s) being, respectively, the amplitude and the phase 
of TTTT scattering with the angular momentum I = 0 and 
isospin J = 0, s is the invariant mass squared of the tttt 
state. The data on Jg (s) are approximated by the smooth 
curve [S^. 1^. 

The propagator of the ao(980) resonance with the in¬ 
variant mass square S 2 is 

1 _ 1 

Dao{s2) -S2 + Eab[R-en“(;(m^J - n“^(s2)] ’ 

(30) 

where ab = ng, K~^K , K^K^^ -Kg'] lmn“p(s 2 )/\/s 2 = 
rao^ab(s 2 ) = 5aoabPab(s2)/(167r). For S 2 > ^ 


n/c^(s2) = - 


9 foab 

IGtt 


|Pab(s2)| 
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/ {±) I 

(mU -mb ± 1 ^ 

is given by 


mb > ma), the polarization operator 


T^o,h {^ \ _ Sa^ab 

nao(s2)-^ 


m^X^m[b'^ 


TTS 2 


rUb 


Pab{s 2 ) 


. 1 \/s 2 -mib^^+ \/s 2 -mif^ 

I -In ■ 

TT 


(-)2 
S2 - m^b 


(+)2 

S 2 -my 


,( 31 ) 


-Pab{s 2 )- In 

TT 


/ (+)2 , / (-)2 1 
ymgb -g2 + Vm^b -52 

/ (+)2 / (-)2 
V”^a& -S-2-\Jmgb -S2j 


, (33) 


where pab{s 2 ) = 




- S 2 


S 2 - 


VII. CONCLUSION 


where Pabis 2 ) = ys 2 -m^^\fs 2 -m!^ j S 2 , for 

rrigb <S2< rrigb 


Tjab/^ \ ^aoab 

nao(s2) = ^ 


mifmib^ ^^uig 


7rS2 


nib 


— Pab{s 2 ) 



(32) 


where pab{s 2 ) = \/^ - S 2 \/s 2 ^-m^^j S 2 , and for 


^ (-)2 
S2 < 


rp- 

TTa& / „ \ •yaoa& 

nao(a2) = ^ 


' (+) (-) 
mgb mgb m.g 


7rS2 


mb 


The phenomenon of the ao(980) — /o(980) mixing 
[I| gave an impetus to conduct experiments of VES 
on the decay /i(1285) —>■ 7r+7r“7r° [l^, and BESIII 
on the decays J/i/; —>■ (j)fo{980) —>■ (?iiao(980) —>■ (fiiTK, 
Xci —>■ ao(980)7r° — >• /o(980)7r° — ^ 7r+7r“7r° and 

J/'0 —>■ 777 ( 1405 ) —>■ 7/o(980)7r° —>• 7871 [ 2 ^. We hope 
that the remarks presented here, on the mechanisms of 
the isospin breaking in the decay 7(1405) —)> Stt, will stim¬ 
ulate both the further studies of this decay and the prin¬ 
cipal improvement of the data about KK, Kn, ijir, and 
TTTT mass spectra in the decays of the resonance structure 
7(1405/1475) into KKtt and rjirir, and about the shape 
of these resonance peaks in the KKtt and TjTnr channels. 
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